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Abstract. In this paper we derive some interesting identities involving Gegen- 
bauer polynomials arising from the orthogonality of Gegenbauer polynomials 
for the inner product space P n with respect to the weighted inner product 
< Pl,P2 >= f^ 1 pi(x)p 2 (x)(l - x 2 ) x ~?dx. 



1. Introduction 

The Gegenbauer polynomials are given in terms of the Jacobi polynomials P^ 1 (x) 
with a = P = A - | (A > A ^ 0) by 



C (x) (x) = r(A + i)r ( n + 2 A) Pw (W.M) (a0 

n y ' r(2A)r(n + A + ±) v ; 

n + 2A-l^ Q(2X + n) k f x - l\ k 



(1.1) 



>t, ( A + ^) fc 

where (a) k = a(a+l)(a + 2) ■ ■ ■ (a + k - 1), (see [191123]). 

From (LI]), we note that C { k X) (x) is a polynomial of degree n with real coefficients 
and d A) (l) = (™ +2 „ A_1 ). The leading coefficient of C { n\x) is 2™( A+ ™ _1 ). By the 
theory of Jacobi polynomials with a — (3 = X — \, A > — i, and A 7^ 0, we get 

Ci x H-x) = (-irC^(x). (1.2) 

It is not difficult to show that Cn (%) is a solution of the following Gegenbauer 
differential equation: 

(1 - x 2 )y" - (2A + l)xy + n(n + 2X)y = 0. 

The Rodrigues' formula for the Gegenbauer polynomials are well known as the 
following: 

< 1 -^ i * , w-i^i;(s)" (1 - lJr+A "'- (eeemm (L3) 



The equation (|1.3j) can be easily derived from the properties of Jacobi polynomials. 
As is well known, the generating function of Gegenbauer polynomials is given by 



(1 - 2xt + f 2 )2(l - xt + sf\ - 2xt + t 2 ) A ~5 ^ (2A) 

The equation (11.41) can be also derived from the generating function of Jacobi 
polynomials. 
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From (|1.4j) . we note that 
1 



(1 - 2xt + t 2 ) x 



E^'Wt", (1*1 <i, H<i). (i.5) 



n=0 

The proof of (|1.5p is given in the following book: Stein & Weiss, Introduction to 
Fourier Analysis in Euclidean space, Princeton University Press, 1971. 
By dTTTJ and ([L2]l. we get 

1 CW(x)CW(,)(l - x^dx = W f~l^^ 2 S m ,n (1-6) 
! n!(n + A)(l (A))" 1 

where 5 mi „ is the Kronecker symbol and it holds for each fixed A € R with A > — \ 
and A ^ 0. 

The equation (jl.6p implies the orthogonality of C4 (x) and the equation (11.6[) 
is important in deriving our results in this paper. From (|1.5|) . we can derive the 
following derivative of Gehenbauer polynomials (x) : 

^W(x) = 2XC { n X _\ 1) (x), for n > 1. (1.7) 



By (LB]) , we get 

^CW( 2 ;) = 2 fc A fc ci A+ fc fc) (x). (1.8) 

As is well known, the Bernoulli polynomials B n (x) are defined by the generating 
function to be 

y- 00 4-n 

e *t = e B(*)t = J- B n (x)- (see [2-10]), (1.9) 
e l — 1 ^ — ' n\ 

n=0 

with the usual convention about replacing B n (x) by B n (x). In the special case, 
x = 0, B n (0) = B n are called the n-th Bernoulli numbers. 
From (|1.9|) . we note that 

B n (x) = (B + x) n =J2 (^jB n _ lX L , (see [6-10]), (1.10) 

and 



B n {x) = ^B n {x) = nB n ^{x). (1.11) 
The Euler polynomials E n (x) are also defined by the generating function to be 

e xt = e B(x)t = £ £ n(a;) (see [12-17]), (1.12) 

n— 

with the usual convention about replacing E n (x) by E n (x). In the special case, 
x = 0, E n (0) = E n are called the n-th Euler numbers. By (|1.12l) . we see that the 
recurrence formula for E n is given by 

E a = 1, (E + 1)" + = 2<$ ,n, (see [20-22]). (1.13) 

For each fixed A e M with A > -± and A ^ 0, let P„ = {p(x) G R[x] | degp(x) < n} 
be inner product space with respect to the inner product 

< pi(x),p 2 (x) >= J (1 ~ x 2 ) x -i pi (x)p 2 {x)dx, (1.14) 
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where pi(x),p2(x) G P„. 

In this paper, we derive some interesting identities involving Gegenbauer poly- 
nomials arising from the orthogonality of those for the inner product space P„ with 
respect to the weighted inner product < pi,P2 >= JiPi(%)P2{%)(1 — x 2 ) x ~^dx. 

Our methods used in this paper are useful in finding some new identities and 
relations on the Bernoulli and Euler polynomials involving Gegenbauer polynomials. 

2. Some identities involving Gegenabauer polynomials 

Let us take p{x) = YZ=a d k C { k X) (x) G P n , d k € M. Then, by CL1| and (fTTIj) . 
we get 

<p{x),C {X) {x) >=d k < C ( k X \x) 1 C { k X \x) > 



-1 

Thus, from (12.11). we have 



^2^ 2A r(A: + 2A) (2-1) 



(2.3) 



By dOj and (|2~2]l. we get 

(r(A)) 2 fc!(fc + A) (-2) fc (A) fc r 1 /_d* _ 2 fc+A _ A 

fe ^"^(fc + 2A) k\(k + 2X) k J-i \dx k[ 1 J 

_ (fc + A)r(A) r 1 / d fc , n 



(-2) fe 0rT(fc + A+|) y_! V^ fe 
Therefore, by (|2.3j) . we obtain the following proposition 
Proposition 2.1. For p(x) G ¥ n , let 

n 

p(x) = J2 d kC ( k X) (x), (d k €R 



'ten 

(k + A)r(A) r 1 / d fc x2)fe+ A-A ^ 

For example, let = sc™ G P n . From Proposition [2J] we note that 

A (fc + A)r(A) r 1 / d fc ,. fe+A _ 



(-2) fe v^r(fc + A + i) i_a V cte fc 



(1 -^) fe+A -2 ) 

(fc + A)r(A) 



0F(-2) fe r (k + a + £ 



(n - k)\2 k ^{k + \ + A) y_! 



>-M (fc + A)n!r(A) ,„ +A _^ n _ fe , 



y V ' ' {n-k)\2 k ^T{k + \ + \) Jo V ; 



(2.4) 
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Let us assume that n — k = (mod 2). Then, by (|2.4|) . we get 

d k = -, (fc + AWA) B (k + X ' 1 n ~ k + 1 



(n- k)\2 k ^T(k+ \ + A) V 2' 2 

= r(^|±i)r(fc + A + |) 

p ^ rt+fc+2A+2 j ' 

where 5(a, /3) is the beta function which is defined by B(a, (3) — ^t^^ ■ 
It is easy to show that 

n — k + l\ n — k — \ f n — k — I 



n — fc — 1 \ / n — k — 3\„/n — fc — 3 



(-2) fc y^FT(fc + A+i) J_ x \dx k 

(k + A)r(A)(-n) f 1 ( d h ~ l n 2 . fc+A 



(-2) k ^T(k + X+\) y_! 

(fc + A)r(A)(-n)(-(n-l))...(-(n-fc + l)) , 



(2.5) 



(2.6) 

(gffl H=) H=) ; ; ■ IE (j) _ (» - ky.yt 

(*=§=*)•••(§) 2-*(flyS)!- 
Therefore, by (|2.5[) and (|2.6[) . we obtain the following identity: 

E , ( \t A ^£La^ (*)- ( 2 - 7 ) 

0<fe<n,n-fc=0 (mod 2) V 2 V 2 ) 

Let us take p(x) = B n (x) € P„. Then, by (jl.lOp . we get 



(-2) fc v^Fr(fc + A + i) 



(l^ra-* 8 )^-*)*.-!^ 

(1 _ z 2 ) fe +*-iB„_ fc (x)dz 



i 



2 fc v / 7rr(fc + A + |) (n-ky.J_ 1 

(2.8) 

From f|1.10p and (|2.7p , we can derive the following equation: 

i — k 



f{l-x 2 ) k+x - k *B n ^x)dx = Y,^ [ k ^B n -k-lfa-x 2 ) k+x -ix l dx 

= E (" 7 fc )^n- fe -Kl + (-1)') f\ X 2 ) k+X ~ix l dx. 



(2.9) 
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Let us consider that I = (mod 2). Then, by (|2.9p . we get 

L 

(l-x 2 ) k+x -?B n - k {x)dx 

l 

=2 Yl ( n : fc W^ [\i~x 2 ) k+x -h i d X 



0<Z<n-fc, (=0 (mod 2) 



0<i<n-fc, 2=0 (mod 2) 



V /?i „ r(fc + A + i)r(^i) 

I ^ l-Dn-fe-; r /2fc+2A_H+2\ 
0<2<?i-fc, 2=0 (mod 2) V 7 \ 2 / 

For Z 6 Z + with £ = mod 2), we have 

l + fl-l \ Z-l fl-l 

i = — --r 



2 ) 2 

Z - 1 \ n-3\ „ /Z-3 



z - 1 vz - 3^ m/nji) 1 nr (±) _ zi^f 



2' (I)!" 



By (gH0| and ([2TTT) . we get 

(1 _ x 2 )fc +A-i Bn _ fc(a , )da 



r(fc + A + i)r 



(2.10) 



(2.11) 



E „ — re > \ ^ V'" 1 " 1 2 / ^ V 2 

I ; ) B n-k-l - , 2fc+2A+ ;_jT2 \ (2.12) 
0<l<n-k, 1=0 (mod 2) V 7 V 2 J 

fn-k\ lUH r(fc + A+l) 



j i -~n-/e-« 2 ; / n, p /2fe+2A+i+2\ • 
0<2<n-Ai, (=0 (mod 2) x 7 V 2 / ' V 2 / 

From ([278]) and (l2~12l) . we have 

_ n!(fc + A)r(A) ^ (V)^_^Z! 

Z l " 0<l<n-k, 2=0 (mod 2) 2 UJ !i I 2 ) 

Therefore, by (f2~T3|) and Proposition |2~T1 we obtain the following theorem. 
Theorem 2.2. For n £ Z +; we Ziawe 

g-W-rmf f ( fc + A ) V ("7 fc )5 n - fe - ; Z! \ (A) 

n! W ^l2 fe (n-fc)! ^ 2' (i)!r f 2fe+2 *+'+ 2 ) I fc W * 

fc=0 \ V ' 0<l<n-k, 1=0 (mod 2) V2/- ± V 2 

By the same method, we get 

„l 1 ^ A ' I Z^ 2 fe fn-fcV ^ 9 i (i\\ r (2k+2X+i+2\ r* w- 

fc=0 \ V 0<2<n-fc, 2=0 (mod 2) V2/- 1 - V 2 / / 



(2.14) 
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From (jl.ljl . we note that 
ci X l k (x)Ci X \x) 

-k + 2X-l\^ ( n - k )(2X + n-k)i fx-l\ l fk + 2X-l\ A Q(2X + k) m (x-l 



n 

n 



k 



1=0 

p ( n—k\ ( k 



n-k + 2X-l\ ( k + 2X-l\j^(j^ ^)(^)(2X + k) m (2X + n-k) p - m \ ( x - l\ p 



, . „ (A + i) (A + i) / 

o—0 \m—0 \ z / m \ z / p— ?n / 

(2.15) 



Let us take p(x) = ci X) (x)C iX 2 k (x) £ P„. From Proposition [HQ p(x) can be 



rewritten as 



= Ci x \x)ci x } k (x) = ^d r C^(x), (d r G R). (2.16) 



r=0 



Then, by Proposition 12. II and (|2.15p . we get 

(r + A)r(A) (n-k + 2X- 1\ fk + 2X- 1 



'(-2) r V7fT(r + A + 1) V ^-fc /V k 



x E ( E ATi wa + if ~ (2A + n " k)p - m 

1 '-^(i-^+A-aUi^Vdi (2.i7) 



x 



i V dxr ) \ 2 

(r + A)r(A) (n-k + 2X- 1\ (k + 2X- 1 



'(-2) r 0rT(r + A + 1) V n-A /V k 
A /A (;-t)Q(2A + fc) m \ 
x E ( E ( A + l) (ATI) (2A + » ~ 

p=r \m— V z / m \ z / p—m / 

I ,(^ (i - i2,r+A i( £ ^) P& 

It is not difficult to show that 

f_i\j)oj)+A-|+r+A-|+l „| /•! 



2 p (p-r)!y 

--(-l) p 2 



+2A gj ^ r( P + A + i)r(r + A + i) 



(p-r)! T(r+p + 2A + l) 

(2.18) 



SOME IDENTITIES INVOLVING GEGENBAUER POLYNOMIALS 



7 



From the fundamental theorem of gamma function, we have 

r( p + A + i) _ ( p + A-i)...(A + i)r(A + i; 



T(r+p + 2\ + l) (r+p + 2A)---2Ar(2A) 

(2X) r+p+ iT(X) 

By ([UHI and (j2~19l) . we get 

_ ( 1)P2 r+2A gl x r (p + a + i) r (r + A + i) 



(p-r)! r(r+p + 2A + l) 



(_l)P 2 r + 2A P " T ( r + A 



i\ (^+l) P v^2 l - 



(p-r)! V 27 (2A) r+p+1 r(A) 

1\. ( A + l) P v^ 



( ) (P~r)\ \ + ' 2 J ■■ (2A) r+p+1 r(A)' 

From (|2~T7l) and (gjO]) , we have 

d (r + A)r(A) - /,• + 2A - I \ ( k + 2 A - T 



(-2) r 0Fr (r + A + i) V »-* 

n/P ( n - k )( k )(2X + k) m 

- E E A p Iiw A+ i/ ( 2A + - - 

p— r \m— V 2/m V 2 / p—m J 



n l / 1 \ (A + i) v/^ 



fo( A + l) m ( A + D 
X( - 1)P2r+A+1 (^K A+ 2^J^2AW P ^ 



(2.19) 



(2.20) 



x 



2, 



™ / p (£) (2A + k) m pi (A 

£ lib I^4)T(^IU: (2A + " " * )p - m (p-r)!(2A) PW _ 



(2.21) 

Therefore, by (|2.2ip . we obtain the following theorem. 
Theorem 2.3. For n,k E Z + with n > k, we have 

C^l k {x)ci X) (x) 

■ fn /.• • 2A 1 \ (k • 2.\ 1 s " " '' 



n — k 



EEE{( r+A )(- 1 ) p+r; 

r— p— r m— 

(pi*) O (2A + fc) m (2A + n - k) p ^ mP \ (A + |) 



( A + IU A + §) P - ro ^-r) ! (2A) r+P+1 
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Let us take p(x) = C„ (x) G P„. Then, from we have 

_ (n + 2A-l)---(2A) (A-i,A-i) _ (" +2 n A - 1 ) (A-iA-l) 
-(n + A-!)...(A + I) F " r ^) F " 

(2.22) 

In a previous paper, we have shown that 

***<*>-£(;:;)C , ;0 (^)'(^P <~n»>- <*»> 

From (l2~2"2"j) and ([2~23|) . we have 



/c— 



(2.24) 

and 

| r CW( a ;) = 2 fe A fc C^ fc) (,). (2.25) 
Let p(x) = Cn X \x) = J2k=o dkC[ X \x). Then, by Proposition 12. 11 we get 

(-2) fc 0?r (fc + A + i) J-Adx kK ' ) nK> 

(fc + A)r(A) TT (-l)*2*A k [\l-x 2 ) k+x -^ci X + k k \x)dx (2.26) 



(-2) fe 0FF (fc + A + |) v ' y_ a 



v^r (* + a + 1) y_! 

By (EH, we get 

_ C^gfe^) yVn - k + A + k - i \fn - k + A + k - \\ (x_l\ l (x + l^ n A ' 
(n-k+x+k-^ n -k-l )\ I /V 2 

V n—k J ^—0 

/n+fc+2A-l\ n-k / , x 1\ / , x 1\ / , \ I / , -, \ n-k-l 
\ n — k J ( To ~r A — 2 1 / — 21 I — 1 I 



i 

\ n-k ) 2=0 v 

(2.27) 

From (f2T26|) and ((2~27| . we have 

A*(fc + A)r(A) r^ 1 ) ^ fc /„ + A - 1\ /n + A - 1\ , A 

fc "v^r( fc + A + i) x 7^T^^U-fc-Jl « J (_1) U 



X / (l-.T) fc+A -^ + '(l+x) A+ ™-5-' dx . 



(2.28) 
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It is easy to show that 



f (1- x) k+x -^ +l {l + x) x+n - l -^dx= f (2 - 2y) k+x -? +l (2y) x+n - l -hdy 
J-i Jo 



>fe+n+2A 



r(fc + A + i + ±)r(A + n-i + ±) 

r(fc + n + 2A) 



By fundamental theorem of gamma function, we see that 



and 



2 

By |2~29l) . ([2~30l> . (j2~3T|) and (|2~32)) . we get 



l 

(1 - X) fe+A +'- S (1 + x) X+n ~ l - 3 

-1 



From (|2~28|) and (|234| . we have 

/n+fc+2A-l\ 

d k = \ k {k + A)2 2fc+l 1 n - k , ' 

/n+A ^\ 
V n-k > 

n-k / . 1\ / » 1\ /fc+A+(-i\ fX+n-l- 



i=0 



(2.29) 



r(/c + A + Z + ^ = ^ + A + Z ^/!r(fc + A + ^), (2.30) 
r( A + n-i+i) = ( A + ^"J"^)(»- / )!T j A f - ) • (2.81) 



ri/.--2A + /;| = ( '' + 2 £ + £ X K" f /•)!n2.\i. (2.:-!2) 



As is well known, the duplication formula for gamma function is given by 

r(z)r (z + ~)= 2 1 - 2z v¥r(2z). (2.33) 



k+X+l-k\fX+n-l-^\ r f u , \ , l\ (2.34) 

2*4 ■ 1 



(2.35) 



Therefore, by (|2.35|) . we obtain the following theorem. 
Theorem 2.4. For n € Z+, we ftawe 

" fA fc (fc + A)2 2 ' £ + 1 (" +fe+2 ^ 1 ) 

k=0 I I n-k ) 

x "f? et!) (" + ^) ( fc+A t'^) P + " - * - ^ ] C ^ (x) 
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